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ON THE OPTIMAL MULTILINEAR BOHNENBLUST–HILLE CONSTANTS
D. NUN˜EZ-ALARCO´N*, D. PELLEGRINO**, J.B. SEOANE-SEPU´LVEDA***,
AND D. M. SERRANO-RODRI´GUEZ*
Abstract. The upper estimates for the optimal constants of the multilinear Bohnenblust–Hille
inequality obtained in [2] are here improved to:
(1) For real scalars: Kn ≤
√
2 (n− 1)0.526322 .
(2) For complex scalars: Kn ≤ 2√pi (n− 1)
0.304975 .
We also obtain sharper estimates for higher values of n. For instance,
Kn < 1.30379 (n− 1)0.526322
for real scalars and n > 28 and
Kn < 0.99137 (n− 1)0.304975
for complex scalars and n > 215.
1. Preliminaries. First estimates
Let K be the real or complex scalar field. The multilinear Bohnenblust–Hille inequality asserts
that for every positive integer n ≥ 1 there exists a sequence of positive scalars (Cn)∞n=1 in [1,∞)
such that 
 N∑
i1,...,in=1
∣∣U(ei1 , . . . , ein)∣∣ 2nn+1


n+1
2n
≤ Cn sup
z1,...,zn∈DN
|U(z1, . . . , zn)|
for all n-linear forms U : KN × · · · × KN → K and every positive integer N , where (ei)Ni=1 denotes
the canonical basis of KN and DN represents the open unit polydisc in KN . In the last years a
considerable effort was spent in the searching of optimal values for the constants Cn; for details and
the state-of-the-art we refer to [2]. The notation and terminology used in this note are the same as
those from [2], where it is proved that the optimal multilinear Bohnenblust–Hille constants (Kn)
∞
n=2
satisfy
(1.1) Kn < 1.65 (n− 1)0.526322 + 0.13 (real scalars)
and
Kn < 1.41 (n− 1)0.304975 − 0.04 (complex scalars).
The proof of the above estimates is achieved by following a series of technical steps. In the case of
real scalars, using some previous lemmata, it is observed that the sequence
Mn =


(√
2
)n−1
if n = 1, 2
DMn
2
if n is even, and
DMn+1
2
if n is odd
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satisfies the multilinear Bohnenblust–Hille inequality, where D = e
1− 1
2
γ
√
2
. Then, using a “uniform
approximation” argument, the estimate (1.1) is achieved. In this section we remark that this final
step of the proof, i.e., the uniform approximation argument, can be dropped and a quite simple
argument provides even better constants. In fact, from [2] we know that, for all k ≥ 1 and n ≥ 2,
we have
Mn =
√
2Dk−1 whenever n ∈ Bk = {2k−1 + 1, . . . , 2k}.
Thus, k − 1 ≤ log2 (n− 1) and, hence,
Mn ≤
√
2Dlog2(n−1) =
√
2 (n− 1)
log2
(
e
1− 1
2
γ
√
2
)
≤
√
2 (n− 1)0.526322 .
Using a similar argument (for complex scalars) it follows that
Mn ≤ 2√
pi
(n− 1)log2
(
e
1
2
− 1
2
γ
)
≤ 2√
pi
(n− 1)0.304975
for the complex scalar field. Of course, the other estimates of [2] related to the above results can
be straightforwardly improved by using these new estimates.
2. Sharper estimates for big values of n
In this section we improve our previous estimates for large values of n.
2.1. Real case. If (Cn)
∞
n=1 denotes the sequence in [2, (4.3)], if we fix any k0, it is obvious that
Jn =


Cn if n ≤ 2k0 ,
DJn
2
if n > 2k0 is even, and
D
(
Jn−1
2
)n−1
2n
(
Jn+1
2
)n+1
2n
if n > 2k0 is odd
with D = e
1− 1
2
γ
√
2
, satisfies the multilinear Bohnenblust–Hille inequality. For n > 2k0 , let k1 > k0 be
such that
2k1−1 + 1 ≤ n ≤ 2k1 .
Then
k1 − k0 ≤ log2
(
n− 1
2k0−1
)
and
Kn ≤ J2k1 = Dk1−k0C2k0
≤ C2k0D
log2
(
n−1
2k0−1
)
=
C2k0
Dk0−1
(n− 1)log2 D .
We thus have
Kn ≤ C2k0
Dk0−1
(n− 1)
log2
(
e
1− 1
2
γ
√
2
)
.
From [3, Theorem 3.1] we know that
(2.1) C2k0 ≤ 4Dk0−4
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whenever k0 ≥ 4. Thus,
Kn ≤ 4(
e1−
1
2
γ
√
2
)3 (n− 1)
log2
(
e
1− 1
2
γ
√
2
)
< 1.338887 (n− 1)0.526322 .
Summarizing, we have:
Theorem 2.1. If n > 16, then
Kn ≤ 4(
e
1− 1
2
γ
√
2
)3 (n− 1)
log2
(
e
1− 1
2
γ
√
2
)
.
Numerically,
(2.2) Kn < 1.338887 (n− 1)0.526322 .
If we use the exact value of C2k0 instead of estimate (2.1) we can improve (2.2) as n grows. For
example,
n > 26 ⇒ Kn < 1.310883 (n− 1)0.526322
n > 27 ⇒ Kn < 1.306156 (n− 1)0.526322
n > 28 ⇒ Kn < 1.303787 (n− 1)0.526322 .
2.2. Complex case. Let (Cn)
∞
n=1 denote the sequence in [1, Theorem 2.3]. If we fix any k0, and
as the authors did in [2], we can show that
Jn =


Cn if n ≤ 2k0 ,
DJn
2
if n > 2k0 is even, and
D
(
Jn−1
2
)n−1
2n
(
Jn+1
2
)n+1
2n
if n > 2k0 is odd,
with D = e
1
2
− 1
2
γ , satisfies the multilinear Bohnenblust–Hille inequality. For n > 2k0 , by mimicking
the real case we obtain
Kn ≤ C2k0
Dk0−1
(n− 1)log2
(
e
1
2
− 1
2
γ
)
.
Thus, using the values of C2k from [1] we have
n > 23 ⇒ Kn < 1.02960973695 (n− 1)0.304975 ,
n > 24 ⇒ Kn < 1.01089344604 (n− 1)0.304975 ,
n > 25 ⇒ Kn < 1.00123230777 (n− 1)0.304975 ,
n > 26 ⇒ Kn < 0.99632125476 (n− 1)0.304975 , . . .
n > 214 ⇒ Kn < 0.99137409768 (n− 1)0.304975 ,
n > 215 ⇒ Kn < 0.99136434217 (n− 1)0.304975 , . . .
n > 225 ⇒ Kn < 0.99135459597 (n− 1)0.304975 , . . .
n > 250 ⇒ Kn < 0.99135458644 (n− 1)0.304975 .
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